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I Abstract

The following equations are called the Kowalevski type equations.

m _ i am—j
oruttn) = £ (no foor e} . ®
ofu(0,z) =@ (x) €0, (0<r<m-—1).

In 1870’s, S. Kowalevskaya proved the unique solvability of above analytic Cauchy
problem (K) on O ;. This result is now known as Cauchy-Kowalevski’s Theorem.

In this paper, we consider the following equations obtained by substituting the
differential operators 0;", 8% and 9;" 7 of (K) into 0F Df, , 05 DF1.and aszfflz,
respectively.

t,q2 T,q1 t,q2

{ OFDE wu(t,z) = f (t,:u{aﬁlel 8f2Dk2 u(t,x)} ), (E)
u(t,z) = O(tLTEK), .

where A = {(61,](31,(27]{32); 41 +]€1 +€2+k2 < L+K, 42 —l—kg < L+ K- 1} We
call (E) 7 ¢-difference-differential equations of Kowalevski type”.
The purpose of this paper is to give the Maillet type theorem for (E).

Keywords. ¢-difference-differential equations, Maillet type theorem

I 1. Introduction

Let (t,z) € C2. For ¢ > 0 and g # 1, we define g-difference operators D, , and D, ,
by

u(t, x) —u(t, qx)
(1-q

u(t, ) —u(qt, )

D, qult,z) = =t (g

and Dy qu(t,z) =

respectively. Especially, for " and t" (n =0,1,2,...), we have
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1- qn n—1 1 _7(]” n—1
Da:,QQ:n: 1_q xr )7 and Dt,qtn: 1-(] t 1)7
0 (n=0) 0 (n=0),

%

(n

respactively. For the sake of simplicity of notation, we put [n], = (1 — ¢™)/(1 — q)

(n=0,1,2,...). By the above definition of g-difference operator in ¢, we define the

inverse g-difference operator D, ql by

thrl

"t 4 O(x) = CESI + C(x),

1—g¢q

-1 o
Dt,q t" = 1— qn+1

where C(z) is a function which corresponds to the integral constant.
If U(t,z) = Dygqu(t,z) and u(t,z) = >, un(x)t™ = O(t), then we have

u(t,z) = D;qu(t, x) and, the integral constant C'(x) does not appear.
Moreover, if ¢ T 1, then we have

D, qu(t,z) — Oyu(t, x),
t
Dy qu(t,z) — Opu(t, x), D;qlu(t,cc) — 07 tu(t,z) = / u(t,z)dt + C(z).
0

Throughout this paper, we assume that 0 < ¢ < 1. In this case, from the

inequalities for all n € Ny

<71 d 71 ! <1<71
an =
1T 1-¢ nlg  14+g+-+g 1~ ~1-g

[]

)

we have the following majorant relation.

K|
— q) t"k (n €Ny k7). (1.2)

k 4n
e,
Here for u'(t) = Y, qupt™ (i = 1,2), we define u'(t) < u?(t) if |up| < |uj|
(Yn € No). For w'(t,x) = Y, o up (x)t" (i = 1,2), we define u'(t,2) < u?(t, x) if
uh(z) < u?(z) (Yn € Np).

Let 0 < g1 < 1and 0 < g2 < 1. We consider the following nonlinear g-difference-

differential equations

t,q2 z,q1 T t,q2

(Tisnon= s fmertinen)).
u(t,r) = O(tLTE),

where (t,2) € C2, L, K, {1, 0y, ky, ko € Ng, D& = 0¢DP D37 =92DY  and

t,q2 t,q2’ Tx,q1 T,q2

A={(lr, ki, boy ko) s b+ ki +lo+ ko S L+ Ky + ko < L+ K — 1}

Moreover, f(t,2,{&0 k t2ks A ) 18 holomorphic in a neighborhood of the origin with

Taylor expansion

f(t7$7{€€1k1€2k2}A): Z fpﬁ(m)tpH(fflkﬂzkz)mlklbb'
A

p+|B]=20

Definition 1 (Kowalevski type)
We say that (E) are “g-difference-differential equations of Kowalevski type”, if

A=A := {(el,kl,gg,kg); 0<li+lo+ki+ks <L+K0</lo+ky< L+K—1}
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Especially, we say that (E) are “partial differential equations of Kowalevski type”,
if
A=Ay = AN {(l1, k1, la k) ; 0< Uy + 0, < L,0<l, <L —1}.

The following theorems hold.

Theorem 1 Assume that the equations (E) are “partial differential equations of
Kowalevski type”. Then the formal power series solution w = ) < . o un(2)t" €
O.|[t]] exists uniquely and it is convergent in a neighborhood of the origin.

Theorem 2 Assume that the equations (E) are “q-difference-differential equations
of Kowalevski type”, not “partial differential equations of Kowalevski type”. Then
the formal solution w =7 < un(2)t" € OL[[t]] evists uniquely and it belongs to

the Gevrey class g;“ of order at most s + 1, where

Spiﬁ?éo{wp,ﬁ) ’0}'

Here M(p,3) and V (p, 8) are defined as follows. For each term

(1.3)

Beykyeak
0o k 1k1€2ka
By TT{ Pl Disleut, «) }
A

of Taylor expansion of the righthand side of (E), we define

M(p,B) = max{li+Ll2; Be,kytrk, # 0},
V(p,B) = p+ Y (L+K =l —k)Bukiink, (2 1),
A

Moreover, the definition of the Gevrey class of order s+ 1 is as follows.

u(t,z) =Y up()t" € G if Y

n>0 n>0

nls

t" € O.{t}.
Example 1 Let 0 < ¢; <1 and 0 < g2 < 1. We consider the following equation.

1 2

4,2 1 7931 2 1
,Dt,(hu(t’ ‘T) = R—z + (,Dslc,tlhpt,qzu(tvl‘)) (Di,;pt,fmu(t?x)) ’
u(t, ) = O(t°).

This equation is a “partial differential equation of Kowalevski type”. Therefore, by

Theorem 1, the formal solution is convergent in a neighborhood of the origin.

Example 2 Let 0 < ¢; <1 and 0 < g2 < 1. We consider the following equation.

1 2
2,4 1 3,1 2,2 i1
Dt,Q2u(t7 117) = ﬂ + (,Di,llhtpt,%u(t“r)) (’Dz,qlpt,qgu(tvx>) )

u(t,z) = O(t%).

This is a “g-difference-differential equation of Kowalevski type”, not a “differen-
tial equation of Kowalevski type ”. Therefore, by Theorem 2, the formal solution
belongs to the Gevrey class of order at most

max{l+ 3,2+ 1} —2 6

1=
1 2+4-3-1)+2-2+4-1-1 " 5

s+1=
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I 2. Proof of Theorem 1

Let U(t,z) = Dé&fu(mz) as a new unknown function. Since u = O(tI+K),
we obtain u(t,z) = (D) 1U(t,2) = D7E0;7LU(t,z). Then (E) is written as

t,q2 t,q2
follows.
Utt.o) = 1 (1o (Dol i Ko e} ). (1)
2

For the sake of simplicity of notation, we put Af?q’? = 8f 2 Df’ Z;Kaf L. In this case,
(E;) is rewritten by

Ut = f (tn (Pl ALE UG}, ). (p)

Ut x) =g Us(x)t' < V(t,z) =37, Vi(x)t", then, by using (1.2), we obtain

the following majorant relation for Affq’fo.

t,q2 t,q2

AZRU(tx) = 072 Dy, Koyt > " Uit
1=0

S ti+L
8£2Dk2*K V; I
oo [ko— K| i+L—ko+K
1 t 2
< 8[2 Vi TN oy
¢ ;<1—q2> (x)(z+1)--~(z—0—L)
|ko—K| oo lo .
1 [[Z,+L—k+K-r+1) i+ L—ko+K—£
- Vi(z) — prrEokat K=tz (9 1)
1- 42 i=0 Hr:l(l + T)

We remark that when (E;) is a “g-difference-differential equation of Kowalevski
type”, we have t + L — ko + K — ¥y > 1. Forr=1,... {5,

i+L—ky+K—r+1  (i+r)+(L+K—Fky—2r+1)
1+ 1+
L+K-2r+1
= 142 = 1T-
L+ T

< 1+(L+K-1)=L+K.

Moreover, when (E;) is a “partial differential equation of Kowalevski type”, we have
ly < L. Then we obtain the following inequality.

Hf;(z‘+L—k2+K—r+1)<ﬁz’+L—k2+K—r+1 12[ 1
HTL:1(i +7) a r=1 itr r=fo+1 it
2 L 1 L—{o 1
< L+ K — < (L+EK)" ———  (ly< ).
_sz[l( + )T:gﬂ”’“_( +K) sz[liwﬁr (<L)

Therefore,
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ti+L7k2+K7£2

(i+l+1)---(i+1L)

=: @fQ’sz(t,xL

t,q2

AZRU(t2) < Cry Y Vi(x)
=0

k2 — K|
where Cy, := (L + K) ﬁ) ’ and O = Oy, tK-ka=togla=l
We consider the following equation.
1,k1 g l2:k2
V(t,a) = F ( Apibertv, )}A2> , (E2)

where F(t,x, {€ k1t2ks } A, ) 18 @ majorant function of f(¢,x, {€ kytaks A,) With the
following Taylor series

F
F(t, Z, {€£1k1e2k2}A2) = Z (R_@%tz’ H(fﬁlklfzkz)ﬁhkﬂzkg .
p+81>0 As (2.2)

Namely, for all (p, 8), fps(r) < Fpp/(R — 2)PH1#I+1 hold. In this case, U(t,r) <
V(t,z) holds.
Here we give the following two lemmas which will be proved later.

Lemma 1 Let k > 1 and ¢ > 0. For R < 1/e, we have

1 1 1
‘ <

ra (R—2)F S (RO =q))B* (R—a)F (2:3)

Lemma 2 Let V(t,z) = > .-, Vi(@)t' be a formal solution of (Es). Then for
sufficiently small R > 0, we can find non negative constants C,,; (0 < m <
(L+ K +2)i, i > 0) such that

C
Vo(z) = REOI7 (Coo = Foo)
(L+K+2)i c
Vile) < ﬁ (i>1).
m=0

We continue a proof of Theorem 1 by admitting Lemmas 1 and 2.
We assume R < 1/e. By using Lemmas 1 and 2, we have

Ck ti+L7k2+K7€2
2

01,k yl2,k2 01,k

qulg V DIQI ZV Z+f2+1)(Z+L)

PR (L+K+2)i o O it L—kat K—t>

a lD 1 m 2

< quzo mZ::O (R—z)m+ (i4+Lly+1)---(i+ L)

, oo (L+K+2)i C . Ck ti+L—k2+K—Z2
<< a 1 mu 2

2 2 R )RR R it b D4 D)

00 <L+K+2)Z ( pitL—ky+K—L

G+ 2t )i+ L) (eR(1 = qu))H RO (R — )1

i=0 m=0

Since /1 < L+ K <L+ K+2and m < (L+ K + 2)i, we have
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m4l <(L+K+2)(i+1) < (L+K+2)(i +46o+1).

In this case, we have

(m+1)---(m+4£) (m+g1)€1 (L+K+2)ll ,
= < <(L+K+2)%
(itlot1)—(i+L)~ (i+lot1)ite = (i+ly+ 1)L-ti—la < (L+K+2)7,

because (Eq) is a “partial differential equation of Kowalevski type”. Moreover, we
can estimate

Cmickg < Cm’LCk2 . é .

(eR(l _ ql))klel(m+l) = (eR(l _ ql))L+KR(L+K){(L+K+2)¢+1} =: Umi,

because R,eR,1 — q; are less than 1 and k1 < L + K. Therefore, by putting

o 4 (L+K+2)i oo
W(t,z) = Z Wiz)t', Wi(x) = Z m
i=0 m=0

we have

L+K+2
R—=z

z,q1

151
Doty (tx) < ( ) R VA ()

We consider the following functional equation for W (¢, z).

£y
L+K+2
W(t,z) = F (t,x, { (;_:) tL+K—f2—k2W(t,x)} ) :
Az

C
W(0,z) = 7 on.

By the implicit function theorem, we obtain a unique holomorphic solution W (¢, x)
in a neighborhood of the origin. Since U(t,z) < V(t,z) < W (t,z), we obtain the
desired result. a

I 3. Proof of Theorem 2

Let U(t,z) = Dt{’gu(t, z) as a new unknown function. Then (E) are written as
follows.

Ut = 1 (o (DU AU} ) (Ex)
1
where Affq’fQ = 8f2D£z;K8fL. In a same way as (2.1) in section 2, for U(t,z) =
Yo Uila)tt < V(t,z), Afféfo(t, x) could be estimated by
l2,k2
At’q2 Ul(t,z)
1\ G+ L=k + K —r+1) gk
< ( ) Vi(z) 2=t — bt K=t
1= i=0 [LoGi+r)

We remark that since (Ep) is a “g-difference-differential equations of Kowalevski
type 7, the power i + L — ko + K — {5 of ¢ is positive and
t+L—k+K—-r+1
1+

< 1+(L+K—-1)=L+K.
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Moreover, since (E1) is not a “partial differential equation of Kowalevski type”,
we can estimate as follows.

01f€2<L7
[, G+ L -k +K—r+1) ﬁi+L—k2+K—r+1 ﬁ 1
L . = 3 "
L G+r) sl i+ o LT
L—1t5 1
< (L+K): .
- ( + ) gi+€2+r

In this case,

ti+L—k2 +K—4;

(i+l+1)-(i+1L)

AU (tx) < Cpy Y Vi(w) = op~thV(tp),
=0

(3.1)
|k2— K|
where Cy, := (L + K) (ﬁ) and @<L — ¢ (K=l gla=lils
e Ifly =1,
Lo .
L—ky+ K- 1
oGl obt Kortl) o (i pn,
H’r:l(i +7")
In this case,
AUt ) < Cry Y Vi)t K = O KR (¢, 2), (3.2)
i=0
o If V5 > L,
Zz . EZ
L— K- 1
NE=Ghs s k?Jr r+1) < L+K)" ] G+L—k+K—r+1)
[L=iGi+7) r=L+1
t—L
< L+K) J[G—ke+ K —r+1).
r=1

In this case,

AUt ) (3.3)
o0 ZQ—L )

< Cry Y Vilw) [] G ko + K —r 4 1)pitEhat ot
=0 r=1

=07V (t,x),

lo>Lk - —
where 271k — ¢y gl LK ks

Here we define the operator <I>f2’k2 by

b=k, <L),
(I)fz’kQ = CthK7k2 (fg = L),
=Lk )5 ).
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We consider the following equation.

Vi) = F (te (Dl el v}, ), (Ex)

where F(t, @, {€, k100K, } A, ) 18 @ majorant function of f (¢, x, {&, k1 0k, t A, ), Which is
defined by (2.2). In this case, U(t,z) < V (¢, z) holds.

We remark that Lemma 2 holds for the equation (E3). We assume R < 1/e. For
the formal solution V (¢, z) = Y .2, V;(2)t" of (E3), if 2 < L, then we have already
known the following majorant relation by using Lemmas 1 and 2.

L+K+2

Dil,&lfl (I)f2’k2V(t, x) = Dﬁl;]]fl ®f2<L,k2 Vit,x) < ( R_

¢
) 1 thAK=t=kayyr (¢ o)
b b

where W (t, ) = Y72 W;(z)t" with

(L+K+2)i G
Wi(z)= ) (R— a1
m=0

= CnmiCr

Cmi = (eR(1 — qp))L+E REAK){(LAE+2)i+1}

In the case of ¢5 > L,
D@tV (1 x) = D07 RV (1 a)
%) lo—L
= O, Dyl Y V() ( G-kt K—r+ 1)) bkt
i=0 r=1

oo (L+K+2)i A Hfz—L

Coni - (i—k2+K—’f‘+1)-
< Ck; Dﬁhk‘] mr r=1 tZ+L7k2+K7€2
33 Gl

oo (L+K+2)i .
= Z Z Ck2 CmZAmZ ti+L—k2+K—£2
=0 (R — z)mt1+b (eR(1 — qp))k RF1(m+1) )

m=0

where
lo—L l1

Api= [[ =k + K =r+ 1) [[(m+r).
r=1 r=1

Here we can estimate A,,; as follows.

lo—L Ly
Ami < JIG+E)JJUZ+ K +2)i+ )

r=1 r=1
< (L T+ K+ 2)£1+52—L(i + 1)£1+f2—L _ Méz*LMgl (Z + 1)€1+£2—L,

where My = L + K + 2. This implies the following majorant relation by using
W (t,z) which is defined as (3.4).

DLF oy (te) = DoV (L x)

a1 T,
We define the operator \Ilfl’zz’b" by
ghoteks _ Gy gk ok (¢ =1),
Mgt (%)el thH ke (10, 1)L (> L),
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and we consider the following functional equation for W(t, z).

W(t,z)=F (t,x, {\Ifflb’”W(t,m)}A ) ,
Foo
R—z

(3.5)
W(0,z) =

This equation is a differential equation in t. We know that the Gevrey order of
formal solution of equation (3.5) is estimated by (1.3) (cf. [1] and [2]). Hence
Theorem 2 is proved. o

I 4. Proof of Lemma 1

Let ¢1 = g for the simplicity. In order to prove Lemma 1, it is enough to prove
the following lemma.

Lemma 3 Let k> 1 and £ > 0. Then the following majorant relation holds.
L k* 1
{(RA -} (R—a)"

By admitting Lemma 3, we can prove Lemma 1 immediately. In fact, if R < 1,
for any k& > 1, we have k& < —1/(eR*log R), because the maximum of kR* is
—1/(elog R). Especially if R < 1/e, we have k < 1/eRF.

Proof of Lemma 3. It is trivial for ¢ = 0.
First, let £ = 1. Since

R R O

n>0 n>0

14
D, .,

I (4.1)

and [n]q < 1/(1 — q), we have

D 1 « 1 1
"“R—2 TR(1-q) R—ua

We assume that when ¢ = 1, (4.1) holds up to k& — 1. Here we remark that for
function f(z) and g(x), we have

Dyoe{f(2)g(2)} = 04 f(x) - Dg,ug(x) + Do f(2) - g(), (4.2)

where o,f(x) = f(qx), and if f(x) > 0, o4f(x) < f(x) holds since 0 < ¢ < 1.
Then we have

1 1 1 1 1
Dypois——5 = Dy Dy :
(R — z)k Cig g e (fo)k—l—i_ ""R—x (R—x)k1
1 k—1 1 1 1 1
< : 1t ’ k—1
R—x R(l1—¢q)(R—1) R1l—-qg)R—z (R—ux)
k 1

R(1-q) (R-a)*
Next, we assume that for any &, (4.1) holds up to ¢ — 1. Then we have

Dt L k1 1 K* 1
{RAL -} (R—a)"

wwim—at <RI i R
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I 5. Proof of Lemma 2

By substituting V (¢, z) = > ;o Vi(z)t" into (E,), we have the following recur-
rence formula for {V;(x)}.

C
Vo(z) = Riioiv (Coo = Foo),

Cr, DL oMV,

Z Z N4 M HH z,q1 111k1z2k27(33)
_ x p+ Bl+1

Vite) |
l p+181>0 (Gerkytakor + 1) (Ley ky o keor + )

for ¢ > 1, where Z' is taken over

p+ ZZ(iflkMgkgr +L—ky+ K —ty) =1,
Ay T

H Hﬁhkﬂ’zkz Z Zﬁl’llekQ andC (L+K) ( 1 )lszKl
ke = 0 .

Lemma 2 can be proved by induction. In order to prove Lemma 2, we calculate
the upper bound estimate of the power of 1/(R — z) of the majorant function for
Vi(x). By Lemma 1,

power S p+|ﬁ|+1+ZZ((L+K+2)’LZ1M€2/€2T+1‘I“gl)
AT
= (L+K+2) <p+ZZ(ie1k152k2T +L— k2 +K—€2)) +1
A1 T
YN 2+l - (L+K+2)(L—ky+ K — )} — (L+1)p
( ZAIZTl - |6|)
< (L+K+2)i+1+> Y {246 - (L+K+2)(L—ky+ K —fy)}
Ay T
< (L+E+2i+14+> > {2+ L+K—(L+K+2)}
Ay T
= (L+K+2)i+1.
This implies Lemma 2. O
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